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A new quantum correlation in terms of the average distance between the reduced state and the
i-th output reduced states under local von Neumann measurements is proposed. It is shown that
only the product states do not contain this quantum correlation and thus it is different from both
the quantum discord (QD) [Phys. Rev. Lett. 88, 017901 (2001)] and the measurement-induced
nonlocality (MIN) [Phys. Rev. Lett. 106, 120401(2011)]. For pure states, it is twice of the quantity
MIN, and is smaller than QD and entanglement of formation (EOF). A general analytical formula
is given and a lower bound for the two qubits case is obtained. Furthermore, we compare it with
EOF and QD through the Werner state and the isotropic state respectively.
PACS numbers: 03.67.Mn, 03.65.Ud, 03.65.Yz.
I. INTRODUCTION
Quantum correlation not only is the key to our un-
derstanding of quantum world but also is essential for
the powerful applications of quantum information and
quantum computation. Entanglement lies at the heart
of this field [1, 2] but it does not account for all possi-
ble quantum correlations contained in a bipartite system.
There are quantum correlations beyond entanglement,
such as QD [3], MIN [4], measurement-induced distur-
bance (MID) [5, 6] and measure of nonclassical correla-
tion in coherence-vector representation [7], etc. QD has
been proposed as the resource in quantum computation
[8] and the Gaussian QD has beeen applied to quantum
key distribution [9]. It is indicated in [4] that MIN may be
useful in quantum cryptography, general quantum dense
coding [10], remote state control [11], etc.
It is worth mentioning that, QD, MID and MIN are
established by local measurement. In addition, the use
of averaged quantity in identifying quantum correlation
has been used for instance in quantifying entanglement
for multipartite quantum systems [12, 13]. In this pa-
per, we propose a new quantum correlation measured by
the averaged quantity based on local von Neumann mea-
surements from a different point of view. This paper is
organized as follows. In Section 2, we give the definition
of our quantum correlation. Then Section 3 discusses the
nullity of the our measure, it is showen that all quantum
states except the product one contain this kind of quan-
tum correlation (Theorem 1). Some numerical results are
given in Section 4 (Propositions 2-4), and in Section 5,
three examples, i.e., the Bell-diagonal state, the Werner
state and the isotropic state are proposed and we com-
pare our measure with QD and EOF through the Werner
state and the isotropic state. At last we conclude in Sec-
tion 6.
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II. DEFINITION
Let Ha ⊗Hb with dimHa = m and dimHb = n ≥ m
be the state space of the bipartite system A+B. We now
define
Q(ρ) := sup
Πa
∑
k
pk‖ρb − ρ
(k)
b ‖
2
2, (1)
where ‖ · ‖2 stands for the Hilbert-Schmidt norm (that
is, ‖A‖2 = [Tr(A
†A)]
1
2 ), the supremum is taken over all
local von Neumann measurements Πa = {Πak} (on the
subsystem A), ρ
(k)
b =
1
pk
Tra(Π
a
k ⊗ Ib)ρ(Π
a
k ⊗ Ib), pk =
Tr(Πak ⊗ Ib)ρ(Π
a
k ⊗ Ib), ρb = Tra(ρ) is the reduced state
of ρ and Ib is the identity map on part B.
Q(ρ) denotes the maximum ‘mean distance’ between
the local state ρb and the output local states ρ
(k)
b with
respect to the local measurement element Πa. This quan-
tity can be measured only by local part after the local
von Neumann measurements of another part. Q(ρ) > 0
means that if part A performs a measurement, then the
local state of part B will change. Therefore Q define a
quantum correlation since it cannot occurs in the classical
world. By the definition, it is obvious that Q is invariant
under local unitary operation, i.e., Q(Ua⊗UbρUa⊗Ub) =
Q(ρ) holds for any unitary operator Ua (resp. Ub) acting
on Ha (resp. Hb).
III. THE NULLITY OF Q
Theorem 1 Q(ρ) = 0 if and only if ρ is a product state.
Proof We only need to check the ‘only if’ part. If Q(ρ) =
0, then for any local von Neumann measurement Πa =
{Πak}, we have ρ
(k)
b = ρb for any k. Let {|i〉} and {|j
′〉} be
the orthonormal bases of Ha and Hb, respectively. Write
Eij = |i〉〈j|. Then any bipartite state ρ can be written
as
ρ =
∑
i,j
Eij ⊗Bij ,
2where Bijs are operators acting on Hb. It follows that
Bii ∝ ρb. We show that Bij ∝ ρb for any i and j, which
guarantees that ρ is a product state. With no loss of
generality, we consider B12. Let |ψ〉 =
1√
2
(|1〉+ |2〉) and
|φ〉 = 1√
2
(|1〉+ i|2〉). It turns out that the reduced states
of the output states under the local measurements |ψ〉〈ψ|
and |φ〉〈φ| are
1
2
(B11 +B22 +B12 +B21)
and
1
2
(B11 +B22 + iB12 − iB21),
respectively. This leads to B12 + B21 ∝ ρb and B12 −
B21 ∝ ρb, which reveals that B12 ∝ ρb and B21 ∝ ρb.
Therefore ρ is a product state. 
Let ρ =
∑
i,j Aij ⊗ E
′
ij , where E
′
ij = |i
′〉〈j′|. It is
known that ρ does not contain QD if and only if Aijs are
mutually commuting normal operators, and it does not
contain MIN if and only if Aijs are mutually commuting
normal operators and each eigenspace of ρa is contained
in some eigenspace of Aij for all i and j [14]. Thus a
state that does not contains QD or MIN may contains
Q.
IV. NUMERICAL STUDY
A. Pure state
Let |ψ〉 be a pure state with Schmidt decomposition
|ψ〉 =
∑
k λk|k〉|k
′〉. Let Πa = {|ei〉〈ei|} be a von Neu-
mann measurement on part A. Write 〈ei|k〉 = αik. Then
σi = |ei〉〈ei| ⊗ Ib(|ψ〉〈ψ|)|ei〉〈ei| ⊗ Ib
=
∑
k,l
λkλl|ei〉〈ei|k〉〈l|ei〉〈ei| ⊗ |k
′〉〈l′|
= |ei〉〈ei| ⊗ (
∑
k,l
λkλlαikα¯il|k
′〉〈l′|)
= pi|ei〉〈ei| ⊗ |ψi〉〈ψi| = pi|ei〉〈ei| ⊗ ρ
(i)
b ,
where |ψi〉 =
1
pi
∑
k λkαik|k
′〉, pi = ‖
∑
k λkαik|k
′〉‖2 =∑
k λ
2
k|αik|
2. It is straightforward that
‖ρb − ρ
(i)
b ‖
2
2 = 2−
2
pi
|
∑
k
αikλ
2
k|
2.
Therefore
Q(ρ) = sup
Πa
∑
i
pi(2−
2
pi
|
∑
k
αikλ
2
k|
2)
= 2− 2 inf
Πa
∑
i
|
∑
k
αikλ
2
k|
2.
Assume that the Schmidt rank of |ψ〉 is r. Let A = [αik],
1 ≤ i ≤ m, 1 ≤ j ≤ r, and let |λ〉 = (λ21, λ
2
2, . . . , λ
2
r)
t. It
follows that∑
i
|
∑
k
αikλ
2
k|
2 = ‖A|λ〉‖2 = 〈λ|A†A|λ〉
= 〈λ|λ〉 =
∑
i
λ4i .
We now get the following result.
Proposition 2 Let |ψ〉 be a pure state with Schmidt co-
efficients {λi} and Schmidt rank r. Then
Q(|ψ〉〈ψ|) = 2(1−
∑
i
λ4i ) ≤
2(r − 1)
r
, (2)
and the equation holds if and only if |ψ〉 is maximally
entangled.
Let N(ρ) denotes MIN of ρ respectively. Then
N(|ψ〉〈ψ|) = 1 −
∑
i λ
4
i [4]. That is Q(|ψ〉〈ψ|) =
2N(|ψ〉〈ψ|). The quantum discord of |ψ〉, D(|ψ〉), which
coincides with the entanglement of formation E, is calcu-
lated as D(|ψ〉) = E(|ψ〉) = −
∑
i λ
2
i log2 λ
2
i . Note that,
for any λi, log2 λ
2
i − 2λ
2
i ≤ −2, we have
Q(|ψ〉〈ψ|) ≤ D(|ψ〉) = E(|ψ〉). (3)
B. General case
Let ρ =
∑
i δiEi ⊗ Fi be the operator Schmidt de-
composition of ρ when ρ is viewed as a vector in the
Hilbert space B(Ha) ⊗ B(Hb) with the Hilbert-Schmidt
inner product 〈X |Y 〉 = Tr(X†Y ). Let Tr(Ei) = βi and
Tr(Fi) = γi. Let {|k〉} be an orthonormal basis of Ha.
Then ρb =
∑
i δiβiFi, pkρ
(k)
b =
∑
i δiαkiFi, where
αki = 〈k|Ei|k〉. (4)
Therefore,
∑
k
pk‖ρb − ρ
(k)
b ‖
2
2 =
∑
k
pk‖
∑
i
δi(βi −
αki
pk
)Fi‖
2
2
=
∑
k
pk(
∑
i
δ2i (βi −
αki
pk
)2) =
∑
i
δ2i (
∑
k
α2ki
pk
− β2i ).
With the notations defined as above, we get the following
theorem.
Proposition 3 Let ρ be a bipartite state with operator
Schmidt coefficients {δi}, T = [αki] with αki defined as
in Eq. (4). Then
Q(ρ) = sup
T
∑
i
δ2i (
∑
k
α2ki
pk
− β2i ), (5)
where the supremum is taken over all possible matrices
T = [αki].
3C. A lower bound for the two qubits case
We now give a lower bound of the quantity Q for the
two qubits case. Any two qubits state can be represented
as
τ =
1
4
(Ia ⊗ Ib + ~u~σ ⊗ Ib + Ia ⊗ ~v~σ +
3∑
k,l=1
wklσk ⊗ σl),(6)
where σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
and σ3 =(
1 0
0 −1
)
are the Pauli matrices, ~u = (u1, u2, u3), ~v =
(v1, v2, v3) ∈ R
3, wkl are real numbers, ~σ = (σ1, σ2, σ3),
and ~u~σ =
3∑
i=1
uiσi, etc. In fact, ρ is locally unitary equiv-
alent to [15, 16]
ρ =
1
4
(Ia ⊗ Ib + ~a~σ ⊗ Ib + Ia ⊗~b~σ +
3∑
j=1
cjσj ⊗ σj), (7)
where cjs are real numbers. Namely, there exists 2 × 2
unitary matrices Ua and Ub such that ρ = Ua⊗UbτU
†
a ⊗
O
†
b . That is, the state with the form in Eq. (7) is enough
when we discuss the quantum correlation Q for the two
qubits case since any quantum correlation is invariance
under the local unitary operation. Let Πa = {Πa1 ,Π
a
2},
〈k|σi|k〉 = αik, k = 0, 1. Then pkρ
(k)
b =
1
4 (Ib +∑
i aiαikIb +
~b~σ +
∑
i ciαikσi), pk =
1
2 (1 +
∑
i aiαik).
Let tk =
1
1+
∑
i
aiαik
. It turns out that
‖ρb − ρ
(k)
b ‖
2
2 =
1
2
∑
i
|(1− tk)bi − tkciαik|
2.
Therefore
∑
k
pk‖ρb − ρ
(k)
b ‖
2
2
=
1
2
∑
k
1
tk
∑
i
|(1 − tk)bi − tkciαik|
2. (8)
Let Πa1 = |0〉〈0|, Π
a
2 = |1〉〈1|. Then
γ1 :=
∑
k
pk‖ρb − ρ
(k)
b ‖
2
2
=
1 + a1
2
(|(1 −
1
1 + a1
)b1 −
c1
1 + a1
|2
+|(1−
1
1 + a1
)b2|
2 + |(1 −
1
1 + a1
)b3|
2)
+
1− a1
2
(|(1 −
1
1− a1
)b1 +
c1
1− a1
|2
+|(1−
1
1− a1
)b2|
2 + |(1 −
1
1− a1
)b3|
2).
If Πa1 = |e0〉〈e0|, Π
a
2 = |e1〉〈e1| with |e0〉 =
1√
2
(|0〉+ |1〉),
|e1〉 =
1√
2
(|0〉 − |1〉), then
γ2 :=
∑
k
pk‖ρb − ρ
(k)
b ‖
2
2
=
1 + a2
2
(|(1 −
1
1 + a2
)b1|
2
+|(1−
1
1 + a2
)b2 −
c2
1 + a2
|2 + |(1 −
1
1 + a2
)b3|
2)
+
1− a2
2
(|(1−
1
1− a2
)b1|
2 + |(1−
1
1− a2
)b2
+
c2
1− a2
|2 + |(1 −
1
1− a2
)b3|
2).
Similarly, if Πa1 = |f0〉〈f0|, Π
a
2 = |f1〉〈f1| with |f0〉 =
1√
2
(|0〉+ i|1〉), |f1〉 =
1√
2
(|0〉 − i|1〉), then
γ3 :=
∑
k
pk‖ρb − ρ
(k)
b ‖
2
2
=
1 + a3
2
(|(1−
1
1 + a3
)b1|
2 + |(1 −
1
1 + a3
)b2|
2
+|(1−
1
1 + a3
)b3 −
c3
1 + a3
|2)
+
1− a2
2
(|(1 −
1
1− a3
)b1|
2 + |(1−
1
1− a3
)b2|
2
+|(1−
1
1− a3
)b3 +
c3
1− a3
|2).
({|0〉, |1〉}, {|e0〉, |e1〉} and {|f0〉, |f1〉} are the eigenvec-
tors of σ3, σ1 and σ2, respectively.) We now can conclude
the following.
Proposition 4 Let γ = max{γi : i = 1, 2, 3}, where γis
are defined as above, then
Q(ρ) ≥ γ. (9)
V. EXAMPLES
In general, Q is hard to calculate for mixed states due
to the supremum program. However, it is easy for some
special well-known states below.
A. The two-qubit Bell-diagonal state
We consider the two-qubit Bell-diagonal state
ρ =
1
4
(Ia ⊗ Ib +
3∑
i=1
ciσi ⊗ σi), (10)
where cis are real numbers, σis are Pauli matrices,
i.e., σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
and σ3 =
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FIG. 1: (color online). D, E and Q in Werner state of various
dimensions with (a) m = 2,(b) m = 3,(c) m = 4,(d) m = 10.
(
1 0
0 −1
)
. Let c := max{|c1|, |c2|, |c3|}, use the same
notations as in [16], one can check that ‖ρb − ρ
(1)
b ‖2 =
‖ρb − ρ
(2)
b ‖2 = ‖
1
2 (c1z1σ1 + c2z2σ2 + c3z3σ3)‖2 =
1
2
√
|c1z1|2 + |c2z2|2 + |c3z3|2. It follows that
Q(ρ) =
c2
4
. (11)
That is, Q(ρ) is decided only by the maximal value of
|ci|.
B. The Werner state
We consider the m⊗m Werner state
ω =
2(1− x)
m(m+ 1)
Π+ +
2x
m(m− 1)
Π−, x ∈ [0, 1], (12)
where Π+ = 12 (I +F ) and Π
− = 12 (I −F ) are projectors
onto the symmetric and antisymmetric subspace of Cm⊗
Cm respectively, F =
∑
i,j |i〉〈j| ⊗ |j
′〉〈i′| is the swap
operator. For any von Neumann measurements Πa =
{|ψk〉〈ψk|} on part A, let 〈i|ψk〉 = aki. Then ω
(k)
b =
m+2x−1
m2−1 Ib +
m−2mx−1
m2−1 |γk〉〈γk| with |γk〉 =
∑
i aki|i
′〉 and
pk =
1
m
for any 1 ≤ k ≤ m. Note that ωb =
1
m
Ib.
Therefore
‖ωb − ω
(k)
b ‖
2
2 =
(m− 2mx− 1)2
(m2 − 1)2
,
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FIG. 2: (color online). D, E and Q in isotropic state of
various dimensions with (a) m = 2,(b) m = 3,(c) m = 4,(d)
m = 20.
which reveals that
Q(ω) =
(m− 2mx− 1)2
(m2 − 1)2
. (13)
The equations above show that, for any local von Neu-
mann measurement Πa and for any element Πak, the dis-
tance between the local state and each output state is a
fixed constant and the probability of each output state is
1
m
.
By the analytic formula of the quantum discord and
the entanglement of formation (EOF) of the Werner state
in [17, 18], we can compare Q with QD (D) and EOF (E)
(see in Figure 1).
C. The isotropic state
For the m⊗m isotropic state
ς =
1− y
m2 − 1
Ia ⊗ Ib +
m2y − 1
m2 − 1
|ψ+〉〈ψ+|, y ∈ [0, 1],(14)
where |ψ+〉 is the maximally entangled state. One can
easily check that
Q(ς) =
(m2y − 1)2
m(m+ 1)2(m− 1)
. (15)
Combine with the analytic formula of quantum discord
and EOF for isotropic state in Ref. [17] and [19] respec-
tively, in Figure 2, we compare Q with QD and EOF for
the isotropic states.
5Note that, similar to the Werner state, for any local
von Neumann measurement Πa and for any element Πak,
the distance between the local state and each local out-
put state is a fixed constant and the probability of each
output state is 1
m
as well.
Figure 1 implies that, for the Werner state, the quan-
tity Q is lower than D for two qudits system with d ≥ 3,
is incomparable with D for two qubits system and is in-
comparable with E for system with any dimension in
general. Figure 2 implies that, for the isotropic state,
the quantity Q is lower than D and is incomparable with
E. That is, not only the nullity of Q is different from D
and E, the quantity of Q is incomparable with that of D
and E for some mixed sates.
VI. CONCLUSION
We have established a new quantum correlation Q ac-
cording to local measurement with averaged local dis-
tance. The nullity of this quantum correlation is shown
to be the set of all product states, namely, any non prod-
uct state contains quantum correlation. A lower bound
for two qubits case is proposed. By comparing with en-
tanglement and QD, we find that the quantity Q is quite
different from both QD and EOF. It is remarkable that,
by [20], although Q(ω) = N(ω) and Q(ς) = m
m−1N(ς),
but the nullity of Q and N does not coincide. That is,
all theses properties imply that Q is a new kind of quan-
tum correlation. We hope that it maybe used in some
quantum scenario based on local von Neumann measure-
ments.
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